Inverse trigonometric functions arcsin(r) and arccos(r) are obtained by integrating the reciprocals of the root of the polynomial 1 − t 2 . Based on this analogy, the inverse lemniscate functions arcsl(r) and arccl(r) are created by integrating the reciprocal of the root of the polynomial 1 − t 4 . The lemniscate functions are then extended to the Jacobi elliptic functions, which in turn are improved using the theta functions. However, to the best of our knowledge, the integration of the reciprocals of the root of the polynomial 1 − t 6 has never been published. The inverse functions based on 1 − t 6 are defined as arcsleaf3(r) and arccleaf3(r), and they were determined to produce waves different from those of the trigonometric and lemniscate functions. This paper presents the addition formulas of the artificially created functions sleaf3(l) and cleaf3(l). These formulas were numerically verified through examples.
Introduction
The second derivative of a function r(l) with respect to a variable l is equal to -n times the function raised to the 2n-1 power of r(l) using this definition, an ordinary differential equation is constructed. Graphs with the horizontal axis as the variable l and the vertical axis as the variable r(l) are created by numerically solving the ordinary differential equation. These graphs show several regular waves with a specific periodicity and waveform depending on the natural number n [1] [2] . In case of n=3, the above ordinary differential equations are as follows:
These equations are related in the nonlinear equations (Quintic Duffing equation) [3] . To obtain the solution accuracy, or to grasp behavior of the solution, the addition formula often be demanded in the solution process [4] [5] [6] . Historically, the trigonomic function (in n=1 of the Eq. (1.2)) and the lemniscatic elliptic function (in n=2 of the Eq. (1.2)) have been discussed [7] [8] [9] [10] [11] . However, in case of n=3, the integration of the reciprocals of the root of the polynomial 1− t 6 has never been published. The variable n represents a natural number. For n = 1, the above equation is written as follows: Function arcsl(r) represents the inverse lemniscatic elliptic function [12] [13] [14] . The double angle and the addition formulas are as follows: (1.9) In this study, the double angles with respect to the leaf functions sleaf3(l) and cleaf3(l) were derived by using the analogous of the trigonometric functions and lemniscatic elliptic function. Next, the addition formulas of these leaf functions were derived.
Double angle

Leaf function: sleaf3(l)
For n = 3, the double angle is derived. Variables l1 and l2 are defined as follows:
Variable l1 is related to variable r1 as follows:
Variable l2 is related to variable r2 as follows: 
The following equation is derived from the above equation. (1) In case of an inequality
(2) In case of an inequality
The differentiation of the leaf function sleaf3(l) is defined by the domain of the variable l. The sign is defined as follows [1] [2] .
(1) In case of the inequality
(2.14)
(2) In case of the inequality
The sign of the term
depends on the domain of variable l. Because of change in sign, it is necessary to classify Eqs. (2.12) and (2.13).
Leaf function: cleaf3(l)
The leaf function sleaf3(l) is related to the leaf function cleaf3(l) as follows [1] [2]: 
When the function cleaf3(2l) is derived from Eq. (2.17), both plus and minus signs occur in the function cleaf3(2l). We have to choose the plus sign so that the initial condition, namely, cleaf3(0) =1 [1] [2] is satisfied.
Additional formulas 3.1 Leaf function: sleaf3(l1+l2)
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The above equation is set as follows: 
The following equation is substituted into Eq. 
Using Eqs. 
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Using the above equation, the following equation is derived.
The following equation that satisfies Eq. (3.18) (see Appendix A) is derived.
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The differentiation ∂sleaf3(l1)/dl1 and ∂sleaf3(l2)/dl2 depends on the domains of variables l1 and l2. It is necessary to classify domains. The additional formulas can be summarized as follows.
(i)
In case both (4m-1)π3/2≦l1≦(4m+1)π3/2 and (4k-1)π3/2≦l2≦(4k+1)π3/2 or both (4m+1)π3/2≦l1≦(4m+3)π3/2 and (4k+1)π3/2≦l2≦(4k+3)π3/2 (Variables m and k represent integers; for the constant π3, see [1] 4   2  3   2  1  3   2  2  3   4  1  3   2  3  2  3  1  3  2  3   3  1  3   4  2  3   2  1  3   2  2  3   4  1  3   2  6  1  3  2  3   6  2  3  1  3  2  2  1 Therefore, the value of sleaf3(0.5) is obtained as follows: 
Conclusions
By using the analogy of the inverse trigonometric and lemniscate functions, higher order of functions were artificially created as leaf functions. The following conclusions can be drawn from this study:
・The artificially created leaf function r = sleaf3(l) corresponds to r = sin(l) and r = sl(l), whereas the artificially created leaf function r = cleaf3(l) corresponds to r = cos(l) and r = cl (l). The waves obtained from the trigonometric functions sin(l) and cos(l) have a periodicity of 6.28… and an amplitude of 1, while the waves obtained from the lemniscate functions have a periodicity of 5.24… and an amplitude of 1. The artificially created functions sleaf3(l) and cleaf3(l) also produce regular waves with 4.85 … periodicity and amplitude of 1. These functions produce waves different from those of both the trigonometric and lemniscate functions. The prefix "s" and "c" of these functions are classified by the following initial conditions: r(0) = 0, dr(0)/dl = 1 and r(0) = 1, dr(0)/dl = 0.
・Additional formulas of leaf functions sleaf3(l1 +l2) and cleaf3(l1 +l2) were also derived.
・The values of the leaf functions sleaf3(l1 +l2) can be numerically obtained using the values of sleaf3(l1), sleaf3(l2), while those of cleaf3(l1 +l2) can be obtained using values of sleaf3(l1), sleaf3(l2), cleaf3(l1), and cleaf3(l2) through the additional formulas.
This study will be the first step in clarifying solution behaviors of nonlinear equations consisting of both the second-order differentials and the higher order polynomials. Therefore, the following equation is obtained.
